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Modern methods of quantum mechanics have proved
to be effective tools to understand and even predict
materials properties. An essential element of the materials
design process, relevant to both new materials and the
optimization of existing ones, is knowing which crystal
structures will form in an alloy system. Crystal structure
can only be predicted effectively with quantum mechanics
if an algorithm to direct the search through the large
space of possible structures is found. We present a new
approach to the prediction of structure that rigorously
mines correlations embodied within experimental data
and uses them to direct quantum mechanical techniques

efficiently towards the stable crystal structure of materials.
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role in materials science, particularly when establishing

a correspondence between a material’s performance and
basic composition'. It has long been known that a diverse
set of properties ranging from mechanical to electronic are
intimately tied to the underlying symmetry of the crystal structure
of interest’. Bearing this in mind, the ability to predict the
structure of a material ‘from scratch’ prior to synthesis would be
particularly useful.

Owing to significant advances in both computational power
and basic materials theory’”, it is now possible to accurately
predict the zero kelvin energy of a compound using quantum
mechanical methods. However, this in itself does not enable
structure prediction as quantum mechanics cannot suggest which
structures to test for stability, and direct optimization of the
system’s energy over the coordinates of all atoms is not possible due
to the presence of many local minima. As a simplifying measure,
researchers often round up a set of candidate crystal structures,
calculate their energies, and proclaim the lowest one as the true
stable state®, that is, the ground state. Therefore, the quality of such
a prediction is strongly dependent on the initial set of candidate
structures assumed; a set often determined in an uncontrolled and
biased manner.

Alternatively, a material’s structure may be guessed by gleaning
information from past experiments or heuristic arguments. This
process ranges from correlating the unknown structure with
known compounds of chemically similar alloys (for example,
looking at ‘neighbouring’ elements in the periodic table), to the
remarkably successful structure mapping techniques™. All of
these methods rely on a simplified representation of structural
stability on the basis of physically motivated driving forces such
as electronegativity difference and size mismatch between the
constituent elements, or simply location in the periodic table.
Although such heuristic methods can create considerable insight
into the physical mechanisms that control structure selection, their
accuracy is limited by assumptions made regarding what constitute
relevant physical parameters. Moreover, heuristic methods lack
a mechanism to systematically improve on prediction ability. In
this article, we demonstrate that the knowledge of some stable

crystal structure occupies a central and often critical
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Figure 1 The Fe;C and MgCu, structure types. a,b, In Fe,C (a) and MgCu, (b) the coordination of large (red: Fe, Mg) and small (blue: C, Cu) atoms is quite different, leading

to a high energy on interchange of their positions.

structures in an alloy provides important information regarding
the true interatomic interactions present. As such, we leverage
this knowledge to augment predictions at other compositions—a
capability not available in previously developed heuristic methods.

It is our belief that the problem of predicting crystal structure
can be largely solved by combining modern quantum mechanical
methods with machine learning techniques' into a common
framework. A machine learning method captures the physics
correlating crystal structures in nature, and quantum mechanics
provides the final accuracy. In our approach, information extracted
from a large body of historical data is used to suggest probable
crystal structures for a new material, effectively steering detailed
calculations to an informed set of candidates on the basis of
historical knowledge. Our prescription for codifying correlations in
historical data breaks from previously developed methods through
the use of a mechanism-independent formalism, described later in
this article. As such, our viewpoint provides a representation of
historical data that remains tremendously informative, yet unbiased
as to the important physics. This should give it broad applicability
to diverse materials classes.

We first outline our general approach for constructing
an informatics-based structure suggestion model, Data Mining
Structure Predictor (DMSP), then show how it is ‘informed’
from large amounts of historical data, and finally demonstrate its
effectiveness in suggesting probable ground-state structures with a
specific prediction and a large-scale analysis of intermetallics.

At each of n discrete compositions, let the variable x;
indicate the crystal structure, or lack thereof, present in the
alloy at composition 7 (that is, the domain of x; extends over
the set of non-equivalent crystal structure types that can occur
at composition 1, including a value representing the lack of
a compound). Likewise, the variables xg;, Xg,, ..., X identify
C different constituent elements, and the (n+ C)-tuple X =
(Xg1, Xg2s - - ., x,,) fully specifies the ground states
of an alloy system. Define furthermore a probability function,
p(X), giving the probability that X is the set of ground states
in a binary alloy. To predict crystal structures in an alloy,
the probability of unknown variables conditioned on available
information about the system (e) needs to be evaluated, that
is, determine p(X]e). Available information typically consists of
the constituent elements and their structure (for example, the
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gold—silver system would be represented with e = (xp = Ag, xg, =
Au, x, = face-centred cubic, x, = face-centred cubic)), but can
naturally include knowledge regarding the structure of compounds
at intermediate compositions. To explicitly construct p(X), we use
a method used by Morita'? in his study of alloys expressing p(X) as
a generalized cumulant expansion starting with the formula:

P =[Jp)[[¢? %0 [ 87 Grxmx) . (1)

j<k l<m<n

In this expansion single variable terms, such as p(x;), capture
variations in p(X) due to variables behaving independently,
whereas those such as g@ (x;, x;) and g (x;, x,,,, x,,), referred to as
cumulant functions, reproduce correlation among pairs and triplets
of structures respectively. The cumulant functions embed physics
as they express which structures tend to occur together in systems
because they satisfy similar underlying atomic interactions. Note
that strong anticorrelation (cumulants close to zero indicate that
structures never occur together) is just as useful in constructing a
probability function.

It is through the cumulant functions that p(X) will be
‘informed’, and the Methods section describes in more detail
how cumulants are obtained from observations in the database.
First, we show that substantial structure—structure correlation
exists in the observations made for binary metallic alloys and
demonstrate that such mathematical correlation implicitly reflects
underlying physics.

Structure correlations were extracted from the Pauling File',
one of the largest databases of binary crystal structures. We
restricted our study to low-temperature and low-pressure entries
in binary alloys of metallic elements. As only two constituents
El and E2 are present, we hereafter refer to them as A and B
to follow common nomenclature. Details of the data preparation
can be found in the Methods section. All crystal structures occur
in the database with a particular frequency. However, as might
be suspected, some pairs of crystal structures occur together
more or less often due to apt or conflicting compatibilities with
the underlying interatomic interactions. We quantify correlation
between two crystal structures through the ratio f(x;,x;) =
p(x;, %) /p(x)p(x;), where x; and x; are variables representing
crystal structures occurring at compositions i and j in the alloy,
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Figure 2 Mutual information between pairs of variables. Highly correlated
variables appear as bright pixels, whereas uncorrelated pairs appear dark.
Correlation is present in two distinct forms, occurring between structures at different
compositions, as well as between structures and their constituent elements
(bottom-most rows). Each value shown is scaled to fall in the range [0, 1] (see the
Methods section for further details).

p(x;,x;) is the probability that both will occur in the same binary
system picked at random, and p(x;) is the probability for the
structure occurring at composition 7 (in this article, as in ref. 13,
structures are identified by their prototype name). Molecular level
interactions driving some structures to frequently occur together,
whereas others rarely together, manifest themselves as a correlation
ratio strongly differing from 1. For example, we observe a strong
correlation between the Fe;C-type structure at a composition of
AB, and the MgCu,-type structure at A,B. These two structures
occur together in 52 of the 87 alloys in which Fe;C is present, and
using the fact that MgCu, occurs in 7.04% of the alloy systems,
the correlation ratio f is 8.49. In other words, given that Fe;C
is present at ABs, it is 8.49 times more likely that MgCu, will
form at A,B than if the structures were uncorrelated. In this
case, the correlation can be easily understood as both structures
(Fig. 1) form in systems where the two constituent elements A
and B are of very different size. The Fe;C and MgCu, structures
are very unstable when the roles of small and large atoms are
interchanged, and the correlation ratio for Fe;C forming at the
same composition, AB;, but MgCu, at AB, (instead of A,B) reveals
strong anticorrelation (f (x,;; = MgCu,, x3,, = Fe;C) & 0), as the
position of smaller and larger atoms cannot be interchanged in a
size-effect stabilized crystal structure.

In many situations, it may be known that a crystal
structure forms at a particular composition, but what occurs at
other compositions remains unknown. An important question
regarding the use of correlation in a predictive setting is the
degree to which knowledge that a particular structure occurs
at one composition influences what should occur at other
compositions. This concept is represented mathematically by the
mutual information' between compositions i and j, given by
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L= th_.xjp(x;, x;)In [p(x,v,xj)/(p(x;)p(xj))], where the sum
extends over all structures x; and x; that can occur at compositions
i and j. In Fig. 2, we show the mutual information between
compositions, as well as between a composition and a constituent
element (the brighter the more mutually informative). Bright
pixels for rows labelled A and B in Fig.2 reiterate the fact
that crystal structure in a binary alloy is strongly influenced
by the identity of its constituent elements, giving substantial
credence to methods empirically relating structure to an elemental
property”'®?. Correlation between the structure of A,_ B, and
element A (bottom-most row) is understandably very strong for
dilute B compositions, but decreases only slowly with increasing B
content. As we have suggested on the basis of physical arguments,
structure—structure correlation should also be strong. The brighter
columns and rows found along common compositions (1/4,
1/3, 1/2, and so on) are indicative of strong structure—structure
correlation. For example, knowledge of what occurs at composition
¢ = 1/2 provides significant information as to what structures may
form at other compositions—reflecting that interactions present at
¢=1/2 are indicative of interactions present at other compositions.

Given that we find substantial correlation information in
historical crystal structure data, a DMSP should have substantial
predictive capability. To illustrate the method and its effectiveness
we describe a specific prediction, and summarize by showing
the method’s prediction accuracy over a large sample of alloys.
Our specific prediction is made for the structure occurring at
composition ¢ =0.75 in the silver—-magnesium system, summarized
in Fig. 3. Experimental studies in this system indicate a stable
structure type near 75% magnesium content'¢, but the exact nature
of the structure is undetermined. Additional information, available
for the structure of the elements and for structures occurring at
compositions AgMg and Ag;Mg, is summarized in Fig. 3a. We
have queried the DMSP model using this evidence to list the most
probable structures for AgMg; (hereafter called the candidate list),
of which the top five are shown in Fig. 3a. To verify this prediction,
we proceeded to compute the formation enthalpies of the top
10 structures on the candidate list, as well as 26 other common
structures'” at ¢ = 0.75 in the generalized gradient approximation
to density functional theory.

The Cu, 4, P structure, suggested as the most likely candidate by
our DMSP approach, is clearly the most stable of the structures
calculated. Moreover, when related to a large-scale test of our
DMSP method outlined in the next section, we estimate with 95%
confidence that Cu,,P is the true ground state among the 71
crystal structures occurring at AB; in our dataset. It is important to
note that according to practices commonly found in the literature,
Cu, 4,P would probably not be tested for stability. This is primarily
because Cu, P is an uncommon structure, occurring in a scant
nine alloys in the Pauling File. Furthermore, the size of the Cu, 4,P
unit cell (24 atoms) alone would discourage calculation through
quantum mechanical methods owing to the large computational
overhead in calculating its energy (in fact, we know of no other
ab initio calculation of this structure). In contrast, our method
ranks Cu, P as a very likely, although non-obvious, candidate
on the basis of available experimental correlations. The ability to
predict rare, complicated structure types such as Cu,g,P is an
important feature of our method and illustrates that structure
correlation can significantly influence the order in which ground
states should be searched for.

We have evaluated the predictive capability of our DMSP
approach in a more general context, spanning a wide range of
chemistries, by carrying out cross-validated'® predictions of all
3,975 compounds occurring in two or more alloys in our dataset.
For each prediction, we first remove data associated with the
alloy of interest from the database so that no knowledge of that
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Figure 3 Predicting the structure of AgMgs. a, DMSP prediction (candidate list) of the crystal structure of AgMgs; on the basis of the limited data available at other
compositions (green box). The structures are ordered by decreasing probability within the DMSP model. This ordering is compared with a ranking on the basis of the
frequency with which these structures occur in the experimental database (parenthesized value in candidate list). b, Ab initio formation enthalpy (with respect to the pure
elements) of the top five structures along with 26 additional structure types calculated to aid in verifying the prediction.

specific alloy is embedded in the correlations. Then we attempt
to predict each compound using knowledge of the elements and
the structure of the other compounds in the system. As before,
the prediction consists of generating a candidate list of structures
at each composition of interest, ranked by the probability of
occurrence; providing a natural order in which structures should
be tested for stability. In Fig. 4, we show the number of structures
that would have to be investigated on the ordered candidate list
to find the true structure with a particular probability. Our new
DMSP method (blue curve in Fig. 4) performs remarkably well,
capturing the observed compound 90% of the time if we are
willing to investigate the top five structures at each composition. We
have compared the DMSP method with two simpler data-mining
schemes. An obvious approach would be to pick trial ground states
on the basis of the frequency with which they occur in nature (red
curve in Fig. 4). Investigating five structures with such a frequency-
based method obtains only 62% accuracy. As a point of reference,
the result of guessing structures with a uniform probability (at
random) is also shown (green curve in Fig.4). These results
demonstrate that a considerable amount of historical information
is used when making predictions with our DMSP method.

Our results confirm that correlation captured from
experimental data substantially constrains the structures that
may occur together in alloy systems (by significantly updating
the probability, p(Xle), assigned to the possible ground-state
combinations {X}). Correlations between structures at different
compositions in an alloy are ultimately the result of similar
atomic interactions between constituent atoms, and as such,
we expect DMSP to be effective in identifying ground states
in multicomponent alloys where the potential use of structure
prediction is great.

Predicting crystal structure with absolute certainty is currently
an intractable problem in materials science. Pragmatic solutions
will require both an accurate energy model, which can be
provided by modern quantum mechanical methods, as well as
an efficient algorithm to search through the space of possible
crystal structures. By constructing a mathematical representation of
historical knowledge we have been able to combine the suggestive
nature of heuristic methods with the accuracy of quantum
mechanics into a highly efficient structure prediction algorithm.
This combined data-mining and quantum mechanics approach
stands in contrast to the computational procedures used until now
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Figure 4 Large-scale prediction capability. Length of candidate list required to
contain the true structure with a certain probability with the DMSP method, ‘random’
structure guessing, or suggesting structures on the basis of the ‘frequency’ with
which they occur in nature.

where historical information only enters through the experience
of the user. The statistical nature of the method also shows a
route to attaching a level of confidence to first-principles-based
structure predictions. Interested readers can find an online version
of the method presented here and additional data available at
http://datamine.mit.edu.

METHODS
MUTUAL INFORMATION

In Fig. 2, the mutual information, I; j, between each pair of variables is scaled
by min(H;, H;), where H; = — in p(xi)Inp(x;). This convention is adopted
so that a value of 1 will consistently mean that the pair of variables, x; and x;,
are perfectly correlated. Mutual information is greater than or equal to zero,
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symmetric in its indices I; ; = I; ;, and can be written as

I;j=H;— Hjj; = H; — Hyj, where H;; = —ZXiTij(x,-,xj)lnp(x,'lxj). Noting
that 0 < H;; < H;, the mutual information will fall in the range

0< Ii,j <min(H;, H])

DATA PREPARATION

The experimental data for this study was obtained from the Pauling File'?
database containing 28,457 entries of experimentally determined structure
types in 2,600 binary alloys. High-temperature and pressure entries were
removed for a representation closer to the true set of ground states. This study
was restricted to ‘metallic’ alloys by removing all alloy systems containing at
least one of the elements: He, B, C, N, O, F, Ne, Si, P, S, Cl, Ar, As, Se, Br, Kr, Te,
I, Xe, At, or Rn.

COMPOSITION BINNING

Structure entries in ref. 13 are recorded at any composition, in some cases
reflecting more the actual composition of the material, than the stoichiometry
of the structure prototype. However, the majority of entries in the Pauling File
occur at rational fraction-valued compositions which were used to discretize
composition space. This set of compositions consists of the following values
and their symmetric, (1 — ¢;), counterparts: 0, 1/10, 1/7, 1/6, 1/5, 2/9, 1/4, 2/7,
3/10, 1/3, 3/8, 2/5, 317, 4/9, 1/2. Each entry in our dataset was binned in an
iterative procedure to one of the aforementioned compositions. Following
binning, multiple entries in the same alloy with the same composition and
prototype were considered duplicates and reduced to a single entry. After data
preparation, 4,836 entries remained distributed in 1,335 alloy systems.

DETAILS OF CUMUL ANT EXPANSION

The full expansion (equation (1)) contains no approximation, as the product
extends over all possible groupings of variables. However, to represent a joint
probability distribution over many variables in a practical way, equation (1) is
truncated after including all single- and two-variable terms. Our
approximation for p(X) is written as:

1
pX = [pe [ e G0, )

j<k

where the factor Z~! is included to ensure normalization. Morita identified the
cumulant functions'?, expressing each in terms of the marginals of p(X). The
two-variable terms are identified as

p(xi, x;)

@ (g x) = )
8 ) = P

PARAMETER ESTIMATION

In equation (2) the set of ‘point’ and ‘pair’ probabilities, denoted {p(x;)} and
{p(x;, xx)}, encode the correlation information relevant for the DMSP model.
These probabilities are estimated from available data using Bayesian parameter
estimation'® outlined below.

Suppose that in a set of Ny, alloy systems, k different structures, denoted
{ay, @, ..., 0}, occur at composition i. Let Nxx.:(,,] indicate the number of
times structure o; occurs at composition 7, and N; = (Ny,—q,

Nyi=ay» - +» Nx;=a, ) denote the set of such counts for all structures occurring at
composition i. Let the parameter 9)(,-:0(}- denote the true probability that an
alloy chosen at random will contain the structure o; at composition 7, and

0; = (0x;=a; > - - -» Ox;=q; ) denote the set of such parameters for composition i.
Given incomplete, and possibly noisy data (N;), all values of 0, € [0, 1] are
possible, but occur with different probabilities depending on both the data and
any relevant prior information. The function p(0;|N;) represents the
probability density of the true parameter vector given the available data, and is
determined with Bayes’ rule

p(0;)

9,‘ N;) =p(N; ﬂ,‘ . 3
p(0iIN;) =p(N;| )p(Ni) (3)

In equation (3), the term p(N;|0;) is the well-known multinomial distribution,
whereas p(0;) and p(N;) are referred to as prior probabilities (that is,
probabilities assigned prior to collecting data using only information available
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about the problem at hand). For p(0;), we have used a ‘uniform minimum
information Dirichlet’ distribution® over allowed values of 0;. Values of the
point probability function, p(x;), are found by averaging 0; over all possible
values under the distribution p(0;|N;).

k
0= [0 pOND x5( D0, —1) x a0
=

It is important to note that the average above is influenced by both the peak and
the spread of the function p(0;|N;) (refs 11,19). As more data become available,
the function p(0;|N;) becomes more-strongly peaked around the maximum
likelihood estimate for @,. This averaging process leads to the estimate (in this
case for structure o; at composition i where k different structures can occur):

Ny—o; +1/k

p(xi=aj) = (0x;=oj) = Now 1

Note that the estimate, (Gxi:aj ), will be equivalent to the frequency that «;
occurs at composition i in the limit of large datasets and that a probability of 0
or 1 is only obtained in the same limit. An analogous process for structures «;
and B,, occurring at compositions 7 and j yields:

Nx,-:apxj:ﬂm + 1/(”P)
Nys+1

B

plx;i= o), Xj= Bm) = <9x,‘:al,xj:ﬁm> =

where 7 and p different structures occur at compositions i and j respectively,
and Ny,—q,, xj=hm is the number of times that both structure «; occurs at
composition i and B, occurs at j. Bayesian estimates differ from maximum
likelihood estimates in a minor way numerically, but allow our method to make
predictions even for cases where Ny, 1ox=Bm = 0.

CAI CULATIONS

Ab initio electronic-structure calculations were carried out using density
functional theory in the generalized gradient approximation, using the
projector augmented-wave method?', as implemented in the Vienna ab initio
Simulation Package??, using the Perdew—Wang parameterization (PW91) of the
exchange correlation energy. Kohn—Sham orbitals were expanded in a plane
wave basis up to an energy cutoff of 405 eV. Brillouin zone integrations were
carried out using at least 2,500/(number of atoms in unit cell) k-points
distributed as uniformly as possible on a Monkhorst-Pack mesh? (I'-centred
for hexagonal cells) and a Methfessel-Paxton®! smearing of the occupied states.
Calculations are at zero temperature and pressure and all structures were

fully relaxed.
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